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MATHEMATICS AS A MEANS TO CULTURE AND 
DISCIPLINE. 

By A. Duncan Yocum. 

Perhaps the strongest obstacle to the determination of the 
disciplinary value of mathematics has been the common assump- 
tion that its disciplinary value is not open to question. While 
the new psychology long since shattered the theory of formal 
discipline in the sense of the training of generally useful mental 
faculties, the mass of thinkers still look upon mathematics and 
the languages as formal disciplines, — as pre-eminently adapted 
to a mental training that results as a matter of course and is 
carried over without specific instruction into every field of 
experience. 

Such interesting experiments as those of Professors Thorn- 
dike and Bagley on habit transference, with their mathematicians 
less capable in common judgments than those not mathematically 
trained, or children trained to neatness in arithmetical papers, 
whose papers in other subjects remain careless or untidy, have 
been taken more seriously 'by educational investigators than by 
teachers of the formal branches. They prove that a mathe- 
matical habit sometimes does not carry over. They have not 
proved that it can not, and even if they had, it could not shake 
the faith of those of us who remain believers in discipline-as- 
a-matter-of-course, in spite of pupils, who, familiar with the 
application of general mathematical principles to specific lists of 
problems, fail to solve miscellaneous examples ; or trained to the 
intelligent demonstration of theorems, are helpless with " origi- 
nals." Meanwhile utilitarians — sometimes utilitarians in the 
broad sense — are making the elementary and secondary course 
of study, selecting the text-'books and appointing the teachers, 
while mathematicians who teach or who write books are tempted 
to become utilitarian too. All but the specifically practical is 
being ruled out of arithmetic ; algebra is marked for the 
slaughter; and a pedagogy is becoming dominant which insists 
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that each subject is useful for its specific value alone. Is it not 
high time that mathematicians interest themselves in determin- 
ing more definitely and more certainly the general educational 
value of the elementary mathematical tranches? Whatever this 
value may prove to be, four classes of mathematical material 
must be included in the general course of study required of all 
pupils in the schools : 

1. All mathematical material specifically useful to those not 
specialists, that is sufficiently manysided and recurring in its 
applications or essential in some unique usefulness, to be made 
definite and certain for all. 

This represents the narrowly utilitarian viewpoint, but sharply 
emphasizes the distinction ignored by Mr. Spencer between 
subject matter useful to the race through the specialist, and 
subject matter directly useful to the majority of individuals who 
are not specialists. It also makes sharp distinction between 
material that is specifically useful now and then in a few rela- 
tionships and material that is frequently useful in many relation- 
ships, or uniquely useful in some essential relationship. This 
last distinction, of unique usefulness, may be illustrated by some 
link in the demonstration of a highly useful proposition which 
may rarely recur elsewhere and does not occur in the use of the 
proposition, but is essential to its demonstration. 

The further test of degree of interest, or of sensational or 
emotional appeal, which in most fields of knowledge must be 
added to manysidedness and recurrence as a measure of rela- 
tive value, applies in mathematics rather in determining the 
applications most useful in furthering ready mastery and reten- 
tion, than in selecting the mathematical material that is to be 
certainly memorized and retained. It is also applicable in de- 
termining material relatively useful enough to be presented but 
not relatively useful enough to be made certain through per- 
sistent drill, and in determining material in which individuals 
shall specialize either from the standpoint of occupation or of 
avocation. 

2. The general course of study must include all mathematical 
material specifically useful to those not specialists which, while 
not sufficiently manysided and recurring to be made certain for 
all, is manysided and recurring enough and strong enough in its 
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sensational or emotional appeal to be presented to all for such 
individual comprehension and retention as may result. 

This distinction, while still narrowly utilitarian, is one that is 
being persistently ignored by the extremists who are eliminating 
from the elementary course of study all that is not " useful " in 
the everyday experience of ordinary people. There is much 
arithmetic, for example, that is not so manysided and frequently 
recurring that it should be transformed by drill into habit and 
system, which is manysided and recurring enough for it to figure 
as useful information, and strong enough in its sensational or 
emotional appeal for it to have likelihood of individual and 
incidental remembrance, retention and association. Carats, 
grains and pennyweights, par value, even the long-abandoned 
ad valorem and tare and tret, may be usefully presented to all 
pupils, even though Troy and apothecary weights are not com- 
mitted to memory and facility of operation in brokerage or 
custom-house percentage is left to the specialist. 

In determining the relative worth of this class of material, 
sensational or emotional appeal is not only a factor, but often 
the determining factor. When the quantity of mathematical 
material is limited, not by an insufficient supply of what is many- 
sided and recurring, but by the quantity of time available for 
mathematical study and essential to adequacy and continuity of 
mastery, some material almost useful enough to be drilled upon, 
will through its manysidedness ensure the association necessary 
to incidental retention and the interest favorable to impression, 
or through its recurrence have an occasional repetition which 
may hold it in mind. But the sonorous ring of ad valorem, the 
glitter of the diamond with which carat is associated, the striking 
visual sequence involved in the determination of the greatest 
common divisor by repeated division, the motor appeal of can- 
cellation, give a chance of survival more or less useful which 
would otherwise be lacking. Every pupil has a right to the 
pleasure — evanescent though definite recollection may be — of 
seeing some teacher solve an example in cube root or of finding 
the least common multiple of three or more numbers not readily 
factored. 

Above all, though from the strictly utilitarian standpoint the 
repeated explanation of a complex mathematical process neces- 
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sary to rational comprehension is useful only when it is essential 
to ready use and application of the process, utilitarians must not 
be permitted to forget the emotional appeal of a cause or a 
reason once more or less clearly understood. It is this feeling 
of satisfaction inherent in causal relationships that clearly differ- 
entiates them from ordinary associations. It is more satis- 
factory to know why, than just to know. Pupils may forget 
why they invert and multiply in dividing fractions or the reason 
why successive divisors in square root are doubled and multi- 
plied by ten, without lessening their efficiency in practical opera- 
tions, but the growing impression of the reasonableness of 
mathematics, vague or partial recollections of general modes of 
proof and the retention and development of innate interest in 
causes, from the standpoint of utility furnish stronger incentives 
to mathematical study than attractive objects or interesting prob- 
lems ; and from that of general discipline and specialization in 
mathematics as a science, valuable information and ideals more 
permanent and useful when cumulatively developed through the 
early school years, than when taken for granted on the beginning 
of advanced study. Indeed the third class of mathematical ma- 
terial which must be included in the general elementary and 
secondary course is — 

3. Any material, additional to that which is specifically useful 
to all not specialists, which is essential as a preparation for the 
more advanced study involved in specialization. 

Here it is probably not necessary to distinguish between 
specialization in mathematics as a preparation for the numerous 
occupations involving applied mathematics, specialization having 
as its aim the teaching of mathematics in secondary schools or 
colleges, arid specialization in the pure science with a view to a 
relative completeness of mastery or of new contributions to 
some phase of mathematical truth. Each requires a different 
selection of subject matter in the college or technical school and, 
to a certain extent, in the preparatory or secondary school 
course. But each also requires a common preparation for more 
advanced mathematical work; and one important consideration, 
too often overlooked by the narrower utilitarian, is the fact that 
every pupil who has not shown marked inaptitude for mathe- 
matics must be regarded as a possible mathematical specialist, 
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and suffer no lack in his elementary training that will act as a 
bar to continued study. This condition will be partly met by 
a course of study where individual aptitudes will be as far as 
possible determined in the earliest school years, and specializa- 
tion in mathematics, science or language, given the same en- 
couragement throughout the grades that has long been given, in 
individual cases at least, to specialization in music and other 
of the fine arts. But since latent talent is sometimes slow in 
manifesting itself and cumulative interest is gradual in its de- 
velopment, nothing essential to preparation for advanced mathe- 
matical study should be omitted from the general course. From 
this point of. view, as well as from that of utilitarianism and of 
discipline, there must be a continuity of mathematical study 
thoughout the entire preparatory period, best ensured through 
having mathematical study or review every one or two weeks in 
those years in which mathematics is not given emphasis, in place 
of a hurried review in the last high school or preparatory school 
year, which substitutes a partial revival of forgotten learning 
for adequate retention and gradual growth. 

From the standpoint of specialization, several important 
questions must be answered. In the case of those pupils who 
have not already specialized in mathematics or who have not 
shown exceptional inaptitude for it, should not this continuity 
carry over into the first year of the college course, with a view 
to furnishing one last opportunity under the stimulus of a new 
environment and possibly of a different type of instruction, for 
the discovery of a mathematical ability which has been slow of 
development? If so, would not the purpose of specialization be 
better served by the variety afforded through a term in general 
mathematics consisting of typical portions of various mathe- 
matical branches, so limited in quantity as to ensure adequate 
drill for even those students having the poorest native retentive- 
ness? Could not, and should not, these selections include, both 
as test and as preparation, the habits essential to mathematical 
specialization in general? Do the mathematical habits capable 
of useful application in other than mathematical fields of experi- 
ence coincide with those most useful for specialization? 
Whether they do or not, when so much time is spent upon their 
temporary mastery in the field of mathematics, should not con- 
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tinuity of mathematical instruction extend itself throughout the 
college course, in the form of occasional review periods spent in 
holding in mind the material earlier mastered on account of its 
specific usefulness to those not specialists or its contribution to 
general mental training? Finally, should there be a more 
analytic inquiry into what constitutes mathematical ability, with 
a view to its earlier detection — especially, if it should reduce 
itself positively to a strong native retentiveness, whose absence 
might be balanced by a far more persistent repetition of mathe- 
matical habits and systems, or, negatively, to an unemotional or 
unimaginative temperament which, fatal to specialization in 
literature, poetry, or art, might with either retentiveness or drill, 
be less unfavorable to the development of certain kinds of 
mathematical efficiency? The answer to all of these questions 
lies in analysis of mathematical discipline into definite comple- 
ments of knowledge and mental activity. 

The fourth class of mathematical material which must be in- 
cluded in the general elementary course of study is 

4. All mathematical material additional to that which is 
specifically useful to those not specialists or to that essential as 
preparation for specialization, which is essential to general 
mental training. 

Here the discrimination is between material useful both spe- 
cifically to all individuals and as an essential phase of general 
mental training, and material specifically useless as mathematics 
except through the specialist, but essential to mental training. in 
general. 

The question involved is not whether mathematics affords 
mental discipline that can usefully carry over into non-mathe- 
matical phases of experience, but whether all that can be use- 
fully carried over, cannot result from the thorough teaching of 
those portions of mathematical material that are specifically 
useful to the general student, and whether the conditions favor- 
able to its carrying over are found in mathematical teaching. 
And if not, since it can be applied in other fields, whether it 
cannot be more economically developed in some other field, or 
developed with greater certainty of the conditions favorable to 
its general application. 

Is it possible to teach smaller portions of arithmetic, algebra 
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and geometry than are commonly taught ? Can adequate mathe- 
matical and general discipline result from the teaching of a few 
selected portions? Can it result from the partial study of some 
one mathematical branch? Can the partial study of one mathe- 
matical branch be as adequate preparation and incentive to 
mathematical specialization, as a more partial study of two or 
three? Will such a partial study, if practicable from the stand- 
point of interdependent operations and demonstrations, be less 
disciplinary or more disciplinary ? What proportion of the sub- 
ject matter of mathematical branches as wholes is necessary to 
cumulative system as a factor in discipline? And for what pro- 
portion of mathematical material is certainty and continuity 
essential to usefulness? Will more partial subject matter lend 
itself more advantageously to both continuity and system as de- 
pendent upon occasional review? Are the conditions favorable 
to general application within the mathematical field itself in- 
herent in elementary mathematical teaching? If not, does the 
thoroughness of mathematics as a specific discipline necessarily 
ensure its usefulness as a general discipline? All of these ques- 
tions are basal for the determination of the place of mathematics 
in the general course of study. None of them can be answered 
until mental training is definitely analyzed into its several funda- 
mental phases, and the contribution of mathematics to each has 
been specifically determined. 

There is a difference between a psychological analysis of 
mental activity or a logical analysis of culture, and a pedagogical 
analysis of mental training as including both discipline and cul- 
ture. Formal self-activity is a broader thing than formal dis- 
cipline — in the sense of developing a mental faculty. Educa- 
tionally, it is necessary to separate out from it those phases of 
self-activity which further the development of all others. They 
must readily reveal themselves when effort is made to determine 
what is left behind after any kind of subject matter has been 
presented. 

Parallelling the relationships in which the subject matter is 
retained are at least five phases of formal self-activity which 
include all that can be called mental training, discipline or cul- 
ture. First, most ideas or experience, once presented or even 
mastered, are forgotten altogether, — their sole permanency be- 
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ing in feelings and impressions that are educational only when 
they cumulatively center about some useful idea or action. 
Opinions, points of view, prejudices, interests, ideals, what is 
collectively called public opinion — are all the product of this 
cumulative impression largely based upon forgotten experience. 

Second, most experiences which are not wholly forgotten 
except as impressions are merely held in mind in a single or 
very partial relationship, varying with individuals, incidental, 
and often false or non-essential. The chief means to this mere 
remembrance are words standing for very partial concepts, but 
constituting centers for association or apperception and so con- 
ditioning the growth of mental content. It is, consequently, 
furthered by all vocabulary expansion which retains ideas and 
words with a minimum of association and comprehension. 

Third, a certain proportion of ideas and words that are 
merely remembered are gradually associated in a manysided 
way with other ideas, the association and manysidedness vary- 
ing with individuals according to their past experience, their 
more permanent or more immediate interests, and changing 
moods and experience. The chief characteristic of this vary- 
ing apperception is its variability, individuality and growing 
manysidedness. Its formal value lies on the one hand in making 
partial concepts more adequate and useful concepts stronger, 
and on the other, in bringing about such mental interconnection 
that any idea which does not linger in the stage of mere re- 
membrance may be associated with any one among a multitude 
of other manysided ideas. 

So far as culture has not been identified with discipline, it 
very largely consists of this varying manysidedness, a broad 
vocabulary and cumulative impression, related to the spiritual 
inheritance of the race, including aesthetic appreciation, and com- 
mon to all educated individuals who enter into social intercourse 
with each other. 

Fourth, a relatively small proportion of the material of ex- 
perience and instruction, limited physiologically and psycholog- 
ically, can be made definite and certain as specific discipline 
through habit and system. Its main condition is continuity of 
subject matter in unvarying relationship. Therefore, from the 
limited time subjectively possible not only for memorizing but 
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for review, such material can include only the relationships most 
useful to specific preparation for life or to general training in 
the form of cumulative impression, mere remembrance, varying 
apperception, and the conditions, yet to be discussed, favorable 
to general discipline or application. 

Fifth, the ideas and activities so highly useful that they are 
made permanently habitual, should be given as general an ap- 
plication as is possible and useful. The possibility of this gen- 
eral discipline depends upon a stimulus and consequence general 
enough to be found in other situations or fields of experience 
than the one in which their relationship became habitual. Hence, 
the more specific the system which constitutes a banch of learn- 
ing, the more numerous its specific details and habits which are 
definitely useful only in their own field, the less likely it is to 
result in general discipline. The more thorough the specific 
discipline and the more complex its system, the more wasteful 
it is as a means to general discipline, if a multitude of compara- 
tively useless relationships must be made habitual in order to 
certainly develop a few for which a general and useful applica- 
tion is possible. 

More than this, the thoroughness and continuity through which 
a specific discipline may ensure the habit that should be generally 
applied are only the first of many conditions favorable, or even 
essential, to general discipline. The varying manysidedness and 
complete mental interconnection, impossible to an abstract, spe- 
cific discipline, are essential to general application. The more 
useful and more general the habit to be applied, the more 
essential a potentially variable apperception is. Especially in the 
case of moral habits, the general stimulus should be emotional- 
ized through cumulative impression. Far from following as a 
matter of course from the mastery of some of those branches 
through which varying apperception and cumulative impression 
are ensured, other conditions favorable to general application 
constitute in themselves a specific discipline, a definite system 
altogether outside the discipline and system of an academic sub- 
ject. Typical applications in other fields should be certainly 
associated with the general stimulus. The habit of looking for 
varied applications should be formed. Specific knowledge pecu- 
liar to each possible field of application must be gained, adequate 
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to the identification of the stimulus and its application. Above 
all, the habit of analysis and synthesis must be formed in the 
most useful fields, or in any field on the recognition of some part 
of a complex stimulus or a well-memorized sequence of possible 
stimuli. 

More than this, without the conditions just enumerated, gen- 
eral application of an idea or habit within the very academic 
field in which it is formed, is uncertain and even improbable. 

If the cultural and disciplinary value of mathematics is to be 
determined, it must be through a complete analysis of mathe- 
matical subject matter in relation to the furtherance of each one 
of these five phases of formal self -activity. In a limited dis- 
cussion such as this, analysis can be carried only far enough to 
indicate the line that it must take, or at best, to suggest far- 
reaching conclusions that only complete analysis can verify or 
disprove. 

From the start, distinction must be made between cumulative 
impression, mere remembrance, varying apperception, and spe- 
cific or general discipline that further the study of mathematics, 
and mathematics as furthering them. Ideals and feelings, 
vocabulary expansion, information getting, specific knowledge 
and habits, and the conditions favorable to general discipline, all 
are more or less essential to mathematics. The question to be 
determined is the extent to which mathematical study is essential 
to them. If it is not obvious that no material not mathematically 
useful should be included in mathematics on the ground that it 
is useful from some other point of view, it is at least obvious 
that no material must be included whose mastery impedes 
mathematical teaching itself. On the other hand, no mathe- 
matical material, no matter how useful to the specialist, must be 
included in the general course, that is not specifically useful to 
those who are not specialists, unless the specifically useful fails 
to include material essential as the elementary preparation for 
future specialization, or to some one of the five phases of formal 
self-activity, which cannot be more effectively, economically or 
usefully gained elsewhere. 

In the first place, mathematics is a potent means to the de- 
velopment of cumulative impression which may or may not carry 
over to other fields of experience. Two of the most prominent 



MATHEMATICS AS A MEANS TO CULTURE. 145 

mathematical ideals are those of exactness and of persistence 
in the face of complex difficulty. Both are useful in other 
fields, but differ vastly in extent of usefulness and probability. 
The ideal of exactness can readily be carried too far, if it is not 
checked by a strong sense of the usefulness of partial concepts. 
It must not be confused with the ideal of truthfulness, because 
exact statements are often untruthful abstractions, lacking the 
perspective, the concreteness and the emotional understanding 
which must modify the matter of fact. On the other hand, the 
ideal and the habit of persistence in the face of complex diffi- 
culty, highly useful to specialization, a factor in will training, 
and less dependent than most ideals upon the specific thing that 
develops it, is little likely to be formed in an elementary arith- 
metical course that has eliminated everything complex from 
fractions to evolution and partial payments. On the strength of 
the fact that it is essential to specialization and the emotional 
re-enforcement for a generally useful habit, a complex example 
should occasionally be solved or even a complex process tempo- 
rarily mastered. To be sure, the same interest in the complex 
can be developed elsewhere, but the great mass of children now 
in the elementary school are not likely to develop it unless they 
test their comprehension and persistency by now and then work- 
ing their way through a complex or compound fraction, or solv- 
ing an example in cube root. Even though they forget how to 
do both the next day, the impression will remain if they are 
repeatedly made conscious of the incentive to effort which should 
come through the challenge of a complex difficulty. The same 
thing is true of the so-called puzzle problem, now totally ruled 
out of court on the ground that it is not specifically useful. 
Here again specialization demands an ideal which utility will not 
afford. Knowledge or achievement for the sake of knowledge 
or achievement, assigned to all but not required of all, specifically 
remembered by none and wholly omitted from examinations or 
tests, will at least serve as one means of selecting the pupils 
most likely to become specialists, and of cumulatively developing 
the love of pure science. Reference has already been made to 
a similar instance of a permanent interest not essential to specific 
utility, — the pleasure of knowing the reason for things as the 
cumulative means to a permanently rational attitude of mind. 
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Utility demands that the pupils shall be drilled into more or less 
permanent comprehension of only those processes and judg- 
ments whose use or application will be furthered by familiarity 
with the reason for each step. The possibility of future special- 
ization, and general discipline demand that pupils shall have the 
reason for every new operation explained to them, not in order 
that they shall remember it, but that they may become increas- 
ingly conscious of the fact that there is a reason for all things. 

Cumulative impression up to this point has well emphasized 
in the fields of specialization and discipline the distinction 
already drawn between that which all pupils must certainly 
master and retain, and that which while presented to all, is left 
wholly to individual and varying mastery. Even this varying 
mastery, essential to mere remembrance and varying appercep- 
tion, is unnecessary to cumulative impression, where the repeti- 
tion of a feeling gradually emotionalizes an idea or activity. 

Another condition unnecessary to cumulative impression but 
favorable to mere remembrance and varying apperception is the 
manysidedness or recurrence of the terms and experience 
mastered in specific problem work. Here the object of im- 
pression is merely immediate interest in successive applications 
until, through accumulation, permanent interest is acquired in 
mathematics in general or the particular phase of it applied. 
It is non-essential whether or not the subject matter of the 
problems is good apperception material, likely to be remembered 
or to aid in remembering and associating. The essential factor 
is an immediate incentive strong enough to re-enforce a cumula- 
tive interest. In fact, the more this interest is carried over to 
the material of application, the less centered it is upon the 
mathematical process itself. From the standpoint of cumula- 
tive impression, therefore, the arithmetic which substitutes in- 
formation-giving examples for applications in the immediate 
experience of the children, overshoots its own mark. The main 
incentives which, in addition to a love of exactness or persever- 
ance in a complex task and fondness for unravelling a puzzle, 
are not only immediate, but concentrate interest upon the work 
itself, are pleasure in mechanical operation, the satisfaction that 
comes with ability to do, and the realization that each applica- 
tion is of immediate use. Where, as suggested in the sane and 
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definite report of the National Committee of Fifteen on Geom- 
etry Syllabus, problems deal with applications by specialists in 
remote and highly technical though interesting fields, the interest 
in the application may be strong enough to carry back to the 
principle if, as the Committee itself cautions, they do not "con- 
tain technical terms and mechanical terms and mechanical 
features unknown to the average pupil and not easily understood 
without more explanation and consequent distraction from the 
geometry itself than is warranted in the ordinary course." 
This caution applies with equal force to Dr. Frank McMurry's 
suggestion that the function of arithmetical problem work in 
the higher school grades is to " identify the pupil in knowledge 
and interest with his business environment; or perhaps better, 
with his environment on the quantitative side." Sharp dis- 
tinction must be made between mathematics as a means to 
interest in other things, and the use of other things as a means 
to interest in mathematics. From the latter standpoint the use 
of interesting applications drawn from specialized arts and in- 
dustries is made exceptional, first, by the fact that most of the 
essential and permanent interests can be developed through ma- 
terial specifically useful to those not specialists and should be 
associated with it; and second, where material is included for 
the sake of the ideals essential to the mathematical specialist, 
the incentive of immediate usefulness or interesting application 
must be displaced by a love of pure science. This limits the use 
of any applications useful only through the specialist but in- 
teresting to the general student, to the few geometrical proposi- 
tions which, though not directly useful, condition the mastery 
of those that are, and confines selection to applications which 
combine the highest interest with the least amount of non- 
mathematical technique. A limited number of arithmetical im- 
pressions then may cumulatively come to have general useful- 
ness as ideals, opinions, interests and incentives. But it must 
not be inferred that every generally useful idea or practice 
incidentally results in an ideal. An instructor may demand and 
secure exactness or neatness without pupils developing a love of 
exactness or neatness. Unless some strongly impressive in- 
cidents or experiences are certainly associated with it as an 
emotional center about which impressions ensured through in- 
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struction gradually accumulate, the vague feeling may never 
become a conscious motive. Moreover, while an ideal is more 
likely to carry over into new fields of experience than a non- 
emotionalized idea or activity, to ensure the greatest likelihood 
of its being carried over, the remaining conditions favorable to 
general discipline and application must be ensured. 

To sum up, the few mathematical ideals that may be generally 
applied are for the most part useful in all the mathematical 
branches and may be developed by the use of a limited amount 
of material in any one of them. This material might ex- 
clusively consist of what is specifically useful to direct prepara- 
tion for life, and mainly of what is not made permanent through 
persistent drill, were it not for a still more limited number of 
ideals or incentives, fundamental for specialization, that are more 
likely to be effective if they are the cumulative products of a 
development that has been continuous throughout a long period 
of time. This justifies the addition to specifically useful ma- 
terial of a small amount of material useful only in the develop- 
ment of incentives essential to specialization, as the result of its 
occasional and conscious use for this end alone, rather than of 
its thorough mastery 

The discussion of the extent to which mere remembrance or 
vocabulary expansion furthers mathematics, and mathematics 
furthers it, need not be highly analytic. Mathematics is largely 
an abstract science. Its vocabulary is not only limited, but 
largely limited to words that have only mathematical use. For 
the most part, it furnishes words to be remembered, rather than 
words so manysided and recurring that the student can remem- 
ber others by them. The chief opportunity for general vocabu- 
lary expansion through mathematical study, lies in miscellaneous 
and manysided application in fields that abound in useful termi- 
nology. Here distinction must be made between the abstract 
and all-inclusive mathematical terms expressing general numer- 
ical relationships, and more specific terms or applications that 
can be associated, or at least will be associated, with a more 
limited group of things. There is absolutely no limit to the ap- 
plication of general numerical terms and processes. All things 
can be grouped together by common number or measure. But 
a general mathematical relationship is too abstract to hold in 
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mind words thus associated. The way in which mathematical 
problems expand vocabulary is in associating together things 
that could just as readily have been associated without being 
mathematically related, and which will be retained in association 
with each other no more permanently on account of their mathe- 
matical relationship. 

It is none the less true that mathematical problem work 
furnishes an occasion for such association, and that if many- 
sided and recurring terms are in consequence remembered, 
vocabulary formation is furthered. Against this use of general 
mathematical terms and processes, however, lies the fact that 
outside of the amount of application necessary to their mastery, 
this vocabulary expansion is non-mathematical, and the further 
fact that wherever adequate application is possible with familiar 
words, the mastery of new terms not mathematically necessary 
is an obstacle to mathematical progress. ■ Moreover, while a 
limited familiarity with the vocabulary of a particular field is 
essential to a mathematical application within it, instruction can 
concern itself with the vocabulary of only a few typical fields 
in which application is certain to be made. The mastery of 
vocabulary in general or information in general, so helpful to 
generally useful habits, whose application is dependent upon 
the identification of their stimulus in some unexpected situation, 
is not essential to mathematics. Where mathematical applica- 
tion is necessary, it is compelled by circumstance in some one or 
another of a thousand fields, whose vocabulary is already 
familiar, or must be mastered for the same reason that requires 
the application. 

From the standpoint of mathematical progress, the words used 
in ordinary problem work should be, so far as possible, already 
familiar to the pupils, unless interest or incentive can be gained 
only through the bringing in of new terms readily understood, 
or application in a typical field which requires a special vocabu- 
lary. In the one case, immediacy of interest is the determining 
factor in their selection; in the other, specific usefulness. In 
neither is there any assurance of the manysidedness essential to 
the words that tend to hold others in mind. 

The mathematical terms and processes which are more limited 
in their applications and associations are better adapted to hold- 
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ing new words in mind. These are the cases where, as mathe- 
matics finds its application in some specifically quantitative phase 
of life, words are used that express actual mathematical rela- 
tionship. Some, like triangulation in surveying, are little likely 
to enter the ordinary vocabulary except through mathematics. 
Others, like capacity and volume, will be acquired through other 
fields of knowledge. 

It clearly follows that no branch of mathematics will be 
studied as a means to vocabulary development, and that vocabu- 
lary development or mathematical study, if it is not to interfere 
with mathematical progress, must be restricted to mathematical 
needs. 

The probable truth of this conclusion becomes more obvious 
when mathematics is considered as a means to information get- 
ting, or the development of the basis for varying apperception. 
All that has already been said in connection with mere remem- 
brance or vocabulary formation, holds true here with even greater 
force. In place of complete mental interconnection, which only 
varying apperception ensures, so essential to all application 
dependent upon the recognition of an accustomed stimulus in 
some unfamiliar form, the applications of mathematics in ordi- 
nary life usually arise from external necessity. Recognition of 
an occasional stimulus does not suggest mathematical operation, 
but the necessity of mathematical operation compels search for 
a familiar stimulus. General knowledge and information are, 
therefore, no necessary part of the mathematician's equipment, 
but rather knowledge specifically necessary in some typical field 
of applied mathematics, or knowledge that must be newly ac- 
quired in order that some obvious application can be made. 

On the other hand, in spite of an ingenious and stimulating 
Herbartianism that is striving to make every branch of knowl- 
edge a means to apperception, mathematics is the medium most 
unfit for the acquisition of information and the completer inter- 
connection of mental content. If Professor McMurry had 
stopped with his assertion that the principal purpose of such 
arithmetic as is taught beyond what is essential to efficiency in 
the fundamental operations, " should be, not to teach processes, 
but to identify the pupil, in knowledge and interest, with his 
business environment," he would have emphasized an absolutely 
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non-mathematical phase of work. When he goes on to say — 
"or perhaps better, with his environment on the quantitative 
side," he emphasizes mathematics, but emphasizes it in a rela- 
tionship in which concrete comparison is of far greater value 
than any amount of exact figuring. It is only partly true that 
" what a railroad system really is can be understood only when 
one comes to understand how many men it employs, what income 
they receive, how long they have to work, how many shipments 
are billed per year, what quantities of goods are transported, 
how much capital is invested, what profit the stock brings, etc." ; 
or that " one must know the actual quantities involved in order 
to appreciate what a warship means, what a farmer does, what 
a mine is." A vivid piece of prose using such concrete com- 
parisons as the number of days it would take the whole army of 
railroad employees to pass a certain point, or the number of 
city blocks a warship is long or number of acres or squares com- 
prised in a warship's decks, would leave a more useful and im- 
pressive concept behind than any amount of multiplying or 
dividing or finding per cents. The college boy soon forgets the 
formula; he used in his astronomy, but is likely to remember 
that the moon revolving about the earth placed in the center of 
the sun would still be far within the solar surface. 

Over and beyond all this, the quantitative phase of some use- 
ful idea is always too definite and specific to associate itself 
with other things or have other things associate themselves with 
it, except through comparison that need not be exact. It is 
something to be remembered, not something to remember by 
and think with. You may associate with angle the notion of 
right angle or equality and within the mathematical field it may 
call to mind a perpendicular line, a right triangle, equality of tri- 
angles, and other groups of mathematical ideas already familiar 
and necessary. But associate a new idea in some general geo- 
graphical or historical location or sequence, such as China, the 
Franco-German frontier, the mountains, the age of Elizabeth, 
the French Revolution or Chivalry, and a host of ideas come 
crowding into mind, all associated with it by contiguity in time 
or space, and many associated with it in necessary relationships 
which without its general location might remain undiscovered. 
A group of mathematical relationships cannot reach out into 
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life in general for new information and experience. But once 
certainly associate with such a general term as natural product, 
a suggestive sequence of ideas — source, location, mode of pro- 
duction, the uses to which it is put, and each new name to which 
it applies demands new inquiries and stimulates new interests. 

It is manysided centers of association such as these that 
multiply knowledge and broaden interests, not mathematical 
abstractions or terms incidentally involved in mathematical ap- 
plications or brought into mathematical problems to make them 
interesting. No one who carries his analysis far enough into the 
mode by which vocabulary is expanded, information increased 
and mental interconnection multiplied, would urge as a phase of 
it the teaching of any mathematics not in itself specifically use- 
ful, or for the learner who is not a specialist, any mathematics 
more advanced than arithmetic or any phase of arithmetic 
beyond the fundamental operations. Even in the preparation 
of possible mathematical specialists, there are probably no terms, 
processes or applications whose early mastery would later aid 
in the acquisition of mathematical vocabulary or information, 
except the use in elementary work of an occasional technical 
term, that might otherwise be popularized or juvenilized. 

It is only when mathematical material is regarded from the 
standpoint of specific discipline — its certain formation of habits, 
and their interconnection in definite and complex system, that 
its peculiar and traditional disciplinary value stands revealed. 
No subject matter demands greater certainty and greater sys- 
tem — with each detail in more definite relationship, or system 
more inclusive of definitely related details. Other subjects can 
be taught as systematically as mathematics, but mathematics 
must be systematically taught. Any mathematical habit that can 
be applied in other fields may be certainly developed in other 
fields, but in mathematics it must be developed. Just as a study 
of Latin and Greek which includes mastery of their litera- 
tures, ensures a manysidedness and culture which a specializa- 
tion the college course at present permits can fail to gain, so the 
mastery of mathematics ensures a specific discipline which as 
yet rarely results from the teaching of any other subject, or 
from preparation for any definite phase of life. 

To be sure, this superiority is but temporary. Just as certainly 
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as the sun rises and sets, will a more complex, more certain and" 
more continuing system result from the determination of rela- 
tive usefulness of definite details within the various branches, 
both to the formal phases of self-activity now being discussed, 
and to direct and specific preparation for morality, health, in- 
dustry, social service, citizenship and social and individual 
leisure. 

It is this readjustment already under way that makes it neces- 
sary to take careful account of mathematical stock. The most 
suggestive fact to hold in mind is that while any system can 
be made certain, the part of school life that can be spent in 
building up certain and specific habit and system is physiologic- 
ally and psychologically limited. Now mathematics as system 
is essential in the general elementary school course only in so 
far as it is specifically useful as mathematics to the general 
student, or necessary to the formation of generally useful ideas, 
ideals or habits. Analysis of cumulative impression has shown 
that some material and instruction not specifically useful to the 
general student must be included for the sake of ideals and 
interests necessary in the preparation of specialists. But with 
the exception of a few emotional centers, it need not be cer- 
tainly memorized, and so does not belong to specific discipline. 
The analysis of mere remembrance and varying apperception 
has shown that while mathematics makes incidental contribu- 
tion to vocabulary expansion and information getting, it contains 
no memory or apperception centers useful enough when brought 
to bear upon non-mathematical material to be certainly mastered. 
The analysis yet to be made of the conditions favorable to 
general discipline or application, can do no more than add cer- 
tain non-mathematical system, as helpful to the carrying over 
of mathematical ideas or habits to non-mathematical fields in 
which they are useful. 

The chief remaining question then, as regards specific disci- 
pline, is what part of the system peculiar to each elementary 
branch of mathematics is specifically useful to the majority of 
individuals who are not specialists? Of course in the limited 
time available, this analysis cannot apply the test of relative 
manysidedness and recurrence of specific usefulness, or unique 
specific usefulness, to the details of arithmetic, algebra and 
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geometry. In the case of arithmetic, elimination has probably 
gone too far — at least in its failure to retain material too little 
useful to memorize, but useful enough to present for individual 
comprehension and retention and in some cases essential to 
ideals and incentives preparatory to specialization. The failure 
of mathematicians to answer the utilitarian's challenge that 
algebra is almost wholly lacking in specifically useful material, 
shifts the question to its value as a general discipline and the 
extent to which its mastery is essential in the discovery of special- 
ists, and elementary preparation for specialization. The fact 
that the sources for practical geometrical problems recommended 
by the Committee of Fifteen, are mainly mechanics, shop-prob- 
lems, steel manufacture, geometrical tracery, Gothic architec- 
ture, pattern design, geometrical ornamentation, Mosaic pave- 
ments, and decorated windows, leads to a similar conclusion. 

Assuming that very small portions of algebra and geometry 
are specifically useful to those not specialists, but two questions 
remain : how much mathematics, not thus useful, is necessary for 
the discovery and preliminary training of mathematical special- 
ists; and how much is essential to the formation of generally 
useful mathematical habits. The answer to the latter will at 
least partly complete the answer to the first already begun for 
ideals and incentives. 

In the first place, there appear to be no habits in algebra and 
geometry, generally useful in non-mathematical ways, that are 
not to be found in arithmetic as well. The habit of exact think- 
ing, of successive or cumulative judgments or conclusions, of 
analysis with a view to the identification of a familiar term, of 
instantly calling to mind the combination or series of combina- 
tions the identified term should suggest, of analysis with a view 
to discovering the remaining terms in the combination which 
results in a judgment, of perseverance in the face of difficulty or 
complexity, of looking for varied applications of a principle, of 
seeking the reason for each process or judgment, — all these are 
not only common to the three subjects, but so fundamental for 
each as to constitute the chief equipment for specialization. All 
can result from the study of arithmetic alone, and, with the 
exception of the seeking out of reasons and perseverance in the 
face of complexity, — of such parts of arithmetic as are specific- 
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ally useful to all not specialists. Even from the standpoint of 
the certainty favorable to general discipline, the study of any 
one of the elementary mathematical branches as a whole, or of 
more than one, is totally unnecessary. Concentration upon 
related parts, rather than completeness of system, is the favor- 
able condition to fixed habit. 

All that is essential to the discovery and preliminary training 
of specialists, in addition to those ideals . and habits generally 
useful in mathematics, including the ideal and the habit of perse- 
verance in the face of complexity, and of seeking the reason for 
all processes and judgments, is such experience with algebraic 
and geometrical material and operation as will reveal peculiar 
adaptation or lead to special interest. Would not simple equa- 
tions and the fundamental algebraic operations and a book of 
plane geometry or selected portions from more than one book 
adequately serve this purpose? Furthermore, should not as 
large a proportion as possible of this algebraic and geometrical 
material be left to individual retention, rather than be drilled 
upon until certainly mastered? To illustrate, definite recol- 
lection of the solutions given in the text-book for particular 
theorems is less essential than the retention of the theorems and 
mastery and ready use of the more common combinations, 
sequences and judgments solutions involve, aided by the gener- 
ally useful mathematical habits already gained. Even the ma- 
terial thoroughly drilled upon and the habits certainly developed 
through phases of mathematics that are not applied in the ordi- 
nary experience of ordinary people, lack the continuity neces- 
sary to permanent certainty, except in the case of the specialist. 

Finally, the extent to which mathematics furthers general 
discipline or application and is furthered by it, depends upon the 
extent to which its mastery includes the conditions favorable 
to the carrying over of these generally useful habits into other 
fields of experience, to the carrying of them over from other 
fields of experience to mathematics, and to the carrying over of 
all mathematical habits and judgments to the specific mathe- 
matical problems or operations in which they are applied. 

The few of these favorable conditions which are general are 
favored less by mathematics than by many other subjects. The 
cumulative impression which idealizes them and gives motive for 
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application is less emotional in the case of mathematical sub- 
ject matter, and tends to purely mathematical application. The 
manysided material, which through varying apperception pro- 
vides the completeness of mental interconnection essential to the 
most general and remote application, is wholly lacking. The 
habits of making new applications and of analysis following the 
identification of any part of a complex stimulus with a view 
to the identification of the whole, are confined to mathematical 
material. The favorable conditions which are specifically re- 
lated to typical fields of application, will of course be specifically 
mathematical, or specifically outside the mathematical field. This 
is the case with certain association with the habit, of a few 
typical applications, and the knowledge necessary to applica- 
tion in the most useful fields. 

If mathematics has as yet failed to ensure the presence of the 
conditions favorable to general application within the mathe- 
matical field itself, there is small reason to include in its system, 
conditions favorable to more general application that naturally 
belong in the complex systems of essential ideas and habits 
through which morality, health, industry and good citizenship 
will before long be taught. It is probably more economical and 
rational to ensure these habits as early as possible in general 
education, with the conditions favorable to their being carried 
over to mathematics, than to use them as theoretical justification 
for the mastery of elaborate phases of mathematics, not other- 
wise useful, in which the conditions favorable to more general 
application are lacking. At least it is safe to assert that no part 
of mathematical material or system should be included in the 
general elementary curriculum on the ground of discipline alone. 

The correction, then, of present weakness in the teaching of 
mathematics lies less in the devotion of more time to the sub- 
ject, or concentration upon some branch of mathematics as a 
whole, than in the more effective teaching of those portions of 
arithmetic which are directly useful, plus the little arithmetic not 
thus included and the parts of algebra and geometry, which are 
essential as preparation for future specialization. This should 
involve a more thorough mastery of mathematical habits gener- 
ally useful, and the conditions favorable to at least their general 
mathematical application. 
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With the study of algebra and geometry as wholes left to those 
students who specialize early in mathematics, ample time will be 
left throughout the school and college course for the occasional 
review necessary to continuity for what is essential to all and 
favorable to specialization by the few whose mathematical 
abilities and interests are undiscovered or undeveloped until the 
beginning of college life. 

Incidentally, specialization can be more thorough in advanced 
classes which contain no students who take mathematics through 
compulsion as Fluellan ate the leeks, while no pupils uninter- 
ested or non-proficient in mathematical study, will find it a bar 
to further advancement in the common culture and discipline 
essential to true democracy. 

In a book with which a few of you are familiar, I have much 
more fully carried out certain phases of this analysis. Whether 
you agree with my conclusions or not, I believe you will agree 
with my mode of approach to these fundamental questions, and 
with the fundamental viewpoint which characterizes it — the 
belief that the vital questions it seeks to answer must no longer 
be expressed in the vague generalizations which encourage con- 
troversy, but in definite and specific terms and conceptions, 
whose relationships and consequences are the product of the 
same patient and unemotional investigation and analysis through 
which the true mathematician studies the science which he loves, 
and in the case of many individuals are less likely to be analyzed 
out or understood in the absence of some of the ideals and habits 
which mathematics develops. 
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